PaBHOMEpHBIE TECTHI CIYIaARHOCTH

[To pacckazam B.Bbioruna 1o crarne ['aua

1 IlepeunciumMbie CHU3Y
dyHKI Ha )

[Iycrb t — dyHKuMs, OpeseséHHas Ha MHOKecTBe §)
OECKOHEYHBIX IIOC/IEI0BATEILHOCTEN HyIeil 1 €INHMUI]
W TPUHUMAIOIAs HeOTPUIlATeTbHbIE NeiiCTBUTEIbHBIE
3HadYeHnss n 3HadeHwe +oo. OHa Ha3BIBAETCI mepe-
YUCAUMOT CHU3Y, eCJIA JJIs JIF000TO PAIMOHAJIHLHOTO
YHCJIa ' MHOXKECTBO

{wlr<flw)}

OTKPBITO, TO €CTh MPEJCTABJAET COO0il OObeaMHeHEe
muozecrs Buza ), (3zecp §); — MHOXKECTBO BCex
[OCJIEOBATEILHOCTE, HAYMHAIOIIUXCS HA KOHEYHOE
CJIOBO ), U, BoJiee TOro, aPPeknueHo OmKpbLLIMo Pas-
nomepro no r. llociennee o3Ha4YaeT, 9TO CyNIECTBY-
€T aJTOPUTM, KOTODBIH MOJIYyYaeT HA BXOJ PAaIKO-
HAJIbHOE T M BbLIAET HA BBIXOJ, [0 OYEPEU CJIOBA
o, %1,..., JJisl KOTOPbIX OObEIUHEHHE HHTEPBAJIOB
Q, coBuagaer ¢ {w | r < t(w)}.

DTO ONpee/IeHNe SIB/ISETCS KOHCTPYKTHUBHBIM Ba-
PHUAHTOM KJIACCHIECKOTO OIPEIETEHUs MOJIyHEIpe-
pbiBHOI chu3y bynkuuu (rae rpebyercs Juiib O1-
KPbITOCTb, HO He (D (EeKTUBHAL OTKPBITOCTD).

Tor ke kacc QPyHKIINH MOKHO ONPEIEIUTh U JIPY-
TUMU CIIOCODAMH.

OYHKIWIO U, ONPEAETEHHYI0 HA () W MPUHUMAIO-
IIYI0 palMOHAJIbHbIE 3HAYEHWs, HA30BEM nNpocmod,
ecrm eé 3HaYeHne U (W) ONPeeIsaeTcs KOHETHBIM T -
JIOM YJIEHOB LIOCJIEI0BATENbHOCTY W (HEKOTOPbIM Ha-
JajbHbIM 0Tpe3koM). Takue (DyHKIMEU MOXKHO 3a/a-
BaTh Tab/UIEH 3HAYEHUN JJId PA3HBIX BAPUAHTOB Ha~
9aJIbHOTO OTPE3KA, U CIUTATH KOHCTPYKTUBHBIME 00b-
€KTaMHU.

Hasiee MoxkHO paccmarpuBarb HeyObiBatowue (1o-
TOYEYHO) BbIYUCIIUMbIE [OCJIEA0BATEIbHOCTU 1IPO-
crbix yuknuii. Ux (orouednbie) npenesbl u sBJis-
I0TCSI [IEPEYNCTUMbIMU CHU3Y (DYHKIHAMA Ha ).

Iepexoust k pasnocrsam (PasHOCTb JABYX LPOCTHIX
dbyukuuit 6yser npocroii), MOXKHO CKA3aTh TAK: 11OJLY-
HEIPEpbIBHbIE CHU3Y (DYHKIMH — HTO CyMMbI BbIYUC-
JINMBIX PSI0B, COCTABJICHHBIX U3 HEOTPUIIATEIHHBIX
MPOCTHIX (DYHKIIAN.

Emgé onun cnocob 3amaTh MEPEYnCIUMYI0 CHU3Y
dyukuuo Ha ) TakoB. PaccMorpum 1mpousBOJIbHYIO
[epeancuMyo cHudy QyHKIuio 1 Ha MHOKECTBE
Y. KOHEYHBIX IIOCTEI0BATENbHOCTEN Hy/Iel u eam-
HUII, TIPUHUMAOILYI0O HEOTPUIATEIbHbIE (KOHEUHBIE
uin Geckorednble) 3Hadenus. (IlepedncinMocTb CHI-
3y NMOHMMAETCsI B OOBIYHOM CMBbICJIE: MHOYKECTBO IIap
(x,7), na koropeix r < T'(x), nepeuncaumo.) Tenepn
onpejenum pyHrnmio ¢ Ha () Tak:

t(w) = sup{T'(z) | © — magamo w}

Ora GyHKIWs OyIeT MePeIUCIUMA CHU3Y.

Bcesikas mepedncinvas cuu3dy byHKnus Ha {2 MO-
JKeT ObITh MOJIyueHa TaKuM crocobom. Bosee To-
1o, MOXKHO HAJIOXKUTbH JIOMOJIHUTEJbHbBIE YCJIOBUS HA,
dyuknuio T. Hampumep, MOXKHO cIUTATbh €€ MOHO-
ToHHOH (ecim x — Hauamno y, To T'(z) < T(y)), nocra-
rouno nepeiitu or T(x) k makcumymy T'(z) mo Bcem
2z, SIBJISTIOLITUMCS] HA9aJIOM T.

Mozkno cunrarh T BeraucauMoi GpyHKIuei ¢ pamu-
oHa/bHbIMK 3HadeHusAMu. (B camom sesie, nockoubky
HAC MHTEPECyeT JIMIIb TOYHAs BepXHssd rpadb 1 Ha
BCEX HaJdaJax, BMECTO yBejudenus 3uauenus 1'(x)
JIJIsT HEKOTOPOI'O & MOKHO YBEJIUYHUTH 3TO 3HAYUEHHE
HA BCEX MPOJOJKEHUAX CJIOBA T JIOCTATOYHO OOJIb-
ot Aymmabl N; 9T0 OTJIOXKEHHOE yBEIUYEHUE O3B0~
Jaur cuurarb T BbIYUCIUMOI.)

ITo coobparkeHusiM KOMIIAKTHOCTU CPEJIN BCEX IIe-
PEUYHCINMBIX CHU3Y (GyHKIMHi T HAa KOHEYHBIX CJIO-
BaX, 33/IAI0IIUX JAHHYIO [EPEYUCTUMYIO CHU3Y (DyHK-
1o ¢ Ha OECKOHEYHBIX HOCIEI0BATEIbHOCTSAX, CYIIe-
CTBYET MAKCHMAJIbHAs. A MMEHHO, MOYKHO PacCMOT-

perb OYHKIIIO
T(x) = inf{t(w) | w HAuMHACTCS Ha 2}

Omna Oyzmer mepeuuncaumoii causy. B camom meme, r <
T'(z) Torga u TOJIBKO TOra, KOrJIa CymecTByer 1’ > 1,
st KoToporo 1 < t(w) mig Beex w, HAYMHAKIIHAXCS
na x. Ilocmennee MOXKHO 1mepeOpPMyTHPOBATD TAK:
OTKPBITOE MHOXKECTBO TEX IOCJIEI0BATEIbHOCTEH W,
s KOTopbix t(w) > r’) comepxkut Q. 9TO OTKpHI-
TOE MHOXKECTBO 3a/JIaHO HaM KaK OObeJUHEHHE Mepe-



YUCIUMOTO CEMECTBA, HHTEPBAJIOB; €CJIN OHU MOKPBI-
Baror {1;, TO 3TO OOHAPYKUTCH HA KOHEIHOM IIIare,
3HAYUT, YKA3AHHOE CBOWCTBO LIEPEYUCAUMO (U KBAH-
TOp CyLIECTBOBAHMA IO 7 HEe HAPYLIAET Hepeduc/iu-
MOCTH).

3ameuanme. Ilociemnee paccyxiaenme cytie-
CTBEHHO WCIOJIb3YeT KOMITAKTHOCTH U HE TPOXOIUT,
€CJIM BMECTO 110CJIeJJOBATEAbHOCTEH HYJICH U eJuHuL]
paccMarpuBarb, CKa)KeM, IOCJIEOBATEIbHOCTH Ha-
rypasbibix uuces. (Ho oupezesnenue nepeduciaumoit
cHu3y (YHKINA U MIPEAbIAyIHe PACCYKICHUS Ha,
STOT CJIydaii NepeHoCATCs. )

2 Tectbl cay4aitHOCTH

[Mycrs ma npocrpancrse € 3ajaHa BbIYUCTUMAS Be-
pogTHOCTHasE Mepa Mepa P. llepeuncammyio cHU3y
dbyukuuio ¢t vHa Q (¢ HEOTPULIATEIBHBIMU 3HAYECHUS-
MU, BO3MOXKHO, GECKOHEUHBIMU) Oy/IeM HA3BIBATD 1Me-
CMoM CAYUATHOCTU OTHOCUTEILHO MepbL P, eciin ma-
TeMaTudeckoe oxkugaHue pyHkmuu t mo mepe P oHe
[IPEBOCXO/IUT EAUHUIIBI, TO €CTh

/t(w) dP(w) < 1.

(MaTywrusHb cMbica: gem Goubie t(w), Tem 6orb-
e TeCT ¢ HaXOAUT “3aKOHOMEPHOCTE B IOC/IEI0BA~
resibHOCTH W. CTPOs TECT, Mbl MOXKEM O0bsBJISTH 3a-
KOHOMEPHOCTSIMA 9TO YTOIHO, HO JOJIXKHBI ‘‘CODJIIO-
JaTh MEpY’: eciiu 3aKOHOMEDPHOCTEH OyIeT CIIUIIKOM
MHOTO, TO MaTEMATHIECKOE OXKUTAHUE CTAHET OECKO-
HEYHbIM. )

[ocnenoBarensuocrs w npoxodum tecr t, eciau
t(w) < oo. IocmemoBarenberb OymeM CYATATH CILY-
qaiHOM, ecjiM OHa TPOXOAUT Bce TecThl. Kak Mbl
YBUIWM, 3TO OIPEJEJIEHAE COBIAIAET CO CIIyJaiiHO-
crpio o Maprun-JI€dy, mOCKOIbKY TEeCT B HEKOTO-
POM CMbICJIe 3aMeHdeT CeMelCTBO HOKPbITUN yMeHb-
matonuxcst Mmep. Ho cHadasa lokazkem reopemy, aHa-
JIOTUYHYIO0 TEOPEMe O CyIIeCTBOBAHUN MAKCHMAJIHHO-
10 3 HEKTUBHO HYIEBOIO MHOXKECTBA.

Teopema. /Ljis 110601 Beraucumoit mepsl P cyiie-
CTBYyeT MAaKCUMAJIbHbBIA TECT U OTHOCUTEJbHO P: Jist
JI060r0 IPyroro Tecra, t OTHOCUTENHHO P Haiaércs
KOHCTAaHTa C, AJId KOTOPOIi

t(w) < cu(w)

JUts II000H nocseoBarenbHocTd w € ).

(B wactHOCTH u(W) KOHEYHO, €CIIM U TOJBKO €CITH
BCe t(w) KOHEYHBI, TAK YTO HTOT TECT IIPOXOIAT CILy-
YajiHble TTOCJIeIOBATEILHOCTH W TOJBKO OHH. )

HoxkazaresqbcTrBo. Bynem mepednciisaTs aaroput-
MBI, 33/aI0IKe MOJIyHEeNpPepPbIBHbIE CHI3Y (DyHKIUH.
Kaxprit Tako#t ajaropuTM MOPOXKA€T MOHOTOHHYIO
IIOCJIEIOBATE/IbHOCTL MPOCThIX (yuknmit. Ilpexme
49eM BBIILYCTUTb OYEPENHYI0 HPOCTYI0 (DYHKIHUIO B
cBeT, OyneM yO0e:KIaThCs, UTO €€ MaTeMaTHYecKoe
oxnnanue mo mepe P menbine 2. (Eciau amropurm
3aa€T TeCT, TO MATEMATUIECKOE OXKH/IaHue He 0OJIb-
uie 1, u mOTOMY, BBIMHCJIUB 3HAYEHUS Mepbl P ¢ 110-
CTATOYHOM TOYHOCTHIO, Mbl CMOXKEM yDeauTbCs, 4TO
ono menbiie 2.) Eciau ybeaurhes HE yaajioch, TO Ha,
9TOM TIOCJIEAOBATEIBHOCTh MPOCTHIX (DYHKIWA 00PbI-
BaeTCs.

Takum 06pa3oMm, MbI MIEPEIUCAUM BCE TECTBI, a
TaK»Ke HEeKOTODble He COBCEM TEeCThI, HO He OoJiee
YeM BJIBOE IIPeBOCXo/sine TecTbl. QcTaéres CI0KUTh
BCe (DYHKIUU C TMOJIOKUTEIbHBIME KO3IDduimenTa-
MH, CyMMa KOTOPBIX He npesocxomut 1/2 (ckaxem
1/2i+2)_

Teopema. IlociieoBaTeILHOCTD MPOXOIUT BCE TE-
cThl (IPOXOJUT YHUBEPCAJbHBINA TECT) TOI/A U TOJIBKO
TOr/IA, KOTIa OHA ciy4aiiaa mo Maprur-JIédy.

HokasareabcTBo. Eciin ¢ — Tect, T0 MHOZKECTBO
TeX TMOCJIeOBATENbHOCTEH w, I KOTOPBIX t(w) >
N, 3¢deKTHBHO OTKPHITO, MOXKET OBITH 3 HEKTUBHO
ykazano o N u umeer mepy He Gosbuie 1/N, tak
4YTO HE LPOXOJSIIAs TECT LOCJIEA0BATENbHOCTD (J1Jist
KOTOPOii ¢ GeckoHeuHO) couepKurcd B 3G HeKTuBHO
HYJIEBOM MHOKECTBE.

C apyroit CTOPOHBI, Ijist BCIKOTO 3hMEKTUBHO HY-
JieBoro MHO2keCTBa N MOXKHO IIOCTPOUTDH TECT, KOTO-
pblif OECKOHEYeH HA BCEX JIEMEHTAX ITOrO MHOZKe-
crBa. B camom gzesne, s iob6oro 3pGeKTuBHO OT-
KpbITOro MaOKecTBa U byHKIMS Yy, pPABHAS €IIMH-
e BuyTpu U ¥ HYJIIO B OCTAJIHHBIX TOYKAX, IEPEIUC-
suma, candy. Obo3naunm gepe3 U, abdektuBHO OT-
KPbITOE MHOXKECTBO, conepzkaiiee N u uMeromniee Mme-
py Mmenbine €. Tenepb B KadecTse TeCTa MO2KHO B3ATH

CyMMy
Z ciXUsi )
i

TJIe ¢; CTPeMSTCSA K OECKOHEYIHOCTH, & €; K HYJIIO, TIPH-
4éM ObICTpee, TakK 9To Y ¢;&; < 1.

3amedyanume. MOXKHO CMEHHTH IIKAJIy HA JIOTa-
pudmmieckyto, onpenesus d(w) PABEHCTBOM

(rue w — ynusepcasbnblii Tecr). @ynkuus d nepe-
YUCMMa CHU3Y M MAKCUMAJIbHA (C TOYHOCTHIO [0 al-
JUTUBHON KOHCTAHTBI) CPEJU IEPEYUCIUMBIX CHU3Y



dbyHKIHH, y KOTOPBIX MATEMATHIECKOE OXKUTAHIE Be-
suanssr 24¢9) konedno. Oyurnus d, TaK CKa3aTh, U3~
Mepsier 1eeKT CaydaliHOCTU B OUTaX, U OIIPEIeIeHa
€ TOYHOCTHIO JI0 A/IJIMTUBHON KOHCTAHTBI. 3aMETHM,
9TO MOXKHO CYMATATh d HEOTPUIIATEIbHON, TaK KakK
MOXKHO PaCCMATPUBATD JIUITh (DYHKIUU ¢, HE MEHb-
e eguHuibl (IpUOaBIeHNe KOHCTAHTHI HE BJIUAET
HA KOHEYHOCTb uHTerpasia). Takxke moxHo 6e3 orpa-
HUYEeHUs OOIIHOCTH MPEIIoIararb, 970 (pyHKIuS d
HMeeT IeJible 3HAYEHUs.

Kak mbt Buzmenu, nedekT mocjies0BaTeIbHOCTH KO-
HEYEH TOT/IA, U TOJIBKO TOT/A, KOTJAA OHA CIyJaiiHa, Mo
Maprus-JIEdy.

3aMevyaHme: B OWid4Yde OT XAPAKTEPU3ALUUA C
OMOUIbI0 MOHOTOHHOW WJ/IM AILIPUOPHOI CJI02KHOCTHU,
KPUATEepUi CIIy4alHOCTH C IIOMOIBIO TECTOB 3aBeO-
MO WHBAPWAHTEH OTHOCUTE/HHO BBIYUCIUMBIX Iepe-
CTAHOBOK ITOCJIEIOBATEILHOCTH.

3 IlIpedukcHblii 1 OOBIYHBII
nedexT

[IpuBenénnoe omnpenesenue JedeKra HAIOMUHAET
orpe/iesienne MpedUKCHOH CI0KHOCTU. MOXKHO JaTh
U JIpyroe Onpejiejienne, KOTopoe OoJIbIlle OX0XKe Ha
OOBIYHYIO CJIOXKHOCTb. A uMeHHO, Oyjem TpeboBarb,
4100BI MEpPa MHOXKECTBA BCEX II0CJIEJ0BATEIbHOCTEIH,
JLI KOTOPBIX TecT bosbine N, He npeBocxoquna 1/N.
(OueBuaHO, 310 CBOICTBO DOJEE C/IAGOE, TO €CTh BbI-
TIOJIHEHO /151 BCeX (DYyHKIIMIE C MATEeMATUIECKUM OXKH-
JanueM He Gosibiie 1 — nepasencrso Uebbluésa).

B sorapudmudeckoil mikaJsie 3TO BBIIVISIUT TaK:
Mepa MHOXKECTBA TeX II0CJIeJ0BATEbHOCTEH, Ie j1e-
dexT OoJbIe 1, He OosbIme 277,

Crpost yHUBEPCAJIbHBIA TECT, YA0OHO MMOJb30BATH-
cst A0rapudMUAIECKON MIKAION U OTPAHUIUBATHCS TIe-
JsibiMu 3Hadenusimu n. Hajno, kak u panbiie, nepeduc-
Jasrb Bce rectbl d; (LpU 9TOM MOIYT LOLACTb U HE
TOJILKO TECThI, HO TIOYTH TECTHI) U 3aTE€M B3ITh B3BE-
IICHHBIA MAKCHUMYM:

d(w) = mzax[di(w) —il—c

IIpu srom d ycrynaer d; me Oosee 4em Ha 4, & MHO-
JKECTBO TeX w, rje d(w) > k, ecrb 00beuHeHre MHO-
xkecr, vae di(w) > k + i + ¢, ux mepbl He GOJbIIe
O(27%F=%=¢), u upu nojxonsmeM ¢ cymma mep byjer
Menbire 2% 4ro 1 Tpe6oBaIOCh.

Bosaukaior e “Mepbl HECTy9IalHOCTH , KOTOPbIE
MOXKHO Ha3BaTh NpedUKCHBIM 1edeKTOM dp 1 O0BbIU-
opiM HedexTom dg. Obe OHH 33JaI0T OIHO W TO

7K€ MHOYKECTBO HECTy9YalHbBIX MOCIEI0BATEIHbHOCTEH
(KaK MHOKECTBO IOCJIEI0BATEILHOCTEH OECKOHEYHO-
ro nedekra). OKa3bIBACTCs, YTO U KOHEUHbIE 3HAYE-
HUSA 9TUX AePEKTOB CBA3aHbBI APYT ¢ Apyrom. B omxay
CTOPOHY 9TO OYEBU/IHO: BCAKU MPe(UKCHBIN TECT sIB-
JIsIeTCS OOBIYHBIM TECTOM, TaK 9TO

dp(w) < ds(w) + O(1).

B obparHyio cTOpoHy HEPABEHCTBO MEHEE TOIHOE:
Teopema.

ds(w) < dp(w) +2logdp(w) + O(1).

HokasarenbcrBo. [Iycrs d — o6branbIii Tecr (B
sorapudmudeckoit wkadue). [lokaxem, uro d—2log d
ABJIsieTCsT MPEePUKCHBIM TECTOM. BeposaTHOCTH TOro,
uro d(w) HAXOmUTCA MeXIy ¢ u i + 1, He mpeBoCXo-
mut 1/2¢) marerpan or 29721984 o sromy MHOKeCTBY
omeHnBaeTcs Kak 27121721087 = 1 /32 g moromy ob6mmmit
HUHTErpaj KOHEYEH.

Ocrasioch 3aMeTuTb, 9TO HEpaBeHCTBO a < b +
2logb+ O(1) crnenyer uz b > a—2loga— O(1) (ecnn
b > a, T0 BCE u TaK scHO; ecam a < b, To loga < logb).

3ameuanwne. [lpuHnunuasgpHas pasHUIA ITOTO
YTBEPKIECHUS C YTBEPIKICHUEM O CBSI3U OOBIYHON U
1peUKCHON| SHTPONUU COCTOMT B TOM, OIEHKA I10-
IPENIHOCTH BbhIparKaercs depe3 nedekT ciyqaifHocTu
(u moTOMY MaJia JJIsl IOC/IeJ0BATEIbHOCTEMH, OIU3KUX
K CIIy9aifHbIM), a He Yepe3 CIIOKHOCTD (KaK OObIYHO).

4 ®Dopwmyna aid
npeduKkcHOTO JedeKTa

Jas yHUBEPCATIBHOrO TeCTa CIIyYaifHOCTH U (B mpe-
(DUKCHOM CMBIC/IE, C MATEMATHIECKMM OKUJIAHUEM )
uMeercsa Caeayomas (HOpMy/Ia, BBIPAZKAIOWAL €ro
4epe3 ALPUOPHYIO BEPOATHOCTb (M TEM CAMbBIM Lpe-
(bUKCHYIO CTIOKHOCTB):

Teopema
u(w) = {m(z)/P(x) |z — nawamro w}
rae m(x) — anpuopHas BEPOATHOCTH (HA U30JHPO-

BAHHBIX CJIOBAX, HE HA JEPEBE — JIPDYI'MMH CJIOBAMU,
m(x) = 27 KP®) a P(x) — mepa muoxecrsa (.

(PaBeHCTBO 3/1€CHh IIOHUMAETCs C MAKCUMAJIBLHO Pa-
3yMHOIl TOYHOCTbHIO: JJO OTPAHUYEHHOI'O U OT/IEJIEHHO-
IO OT HYJIsl MHOXKUTEJIs. )

HokaszareabcTBo. [lockoibKy m mepeducimma
cuu3y, a P Bprancimma (u moromy 1/P nepedmciu-
Ma CHHU3Y), TO CyMMa B MPAaBONl Y4acTU ABJISAETCs Ie-
peuncaumoii cauldy dyukimei za (). [IpoBepum, aro



e€ MaTeMaTUYecKoe OXKuJaHue KonedHo. B camowm me-
Jjie, MaTeMaTHIeCcKoe OKU/IAHUE eCTh CyMMa [0 1. Ma-
TEeMATUIEeCKAX OKUIAHUN (PYHKIHU, KOTOPBIE MMOJIY-
Jarcs, ecju B GOPMyJie OCTABUTH CyMMHUDPOBAHUE 110
cioBaM juinHbl 1. Ho Kaxk0e Takoe OxKuJlanue pas-
HO Y m(x) mo cjoBaM JJIHHBL N (Mepa MHOXKeCTBa
Q. cokparaerca ¢ P(xr) B 3HaMeHaTele), U B CyMMe
nosyaurcs y_, m() 0o BCeM Z, a 3Ta CyMMa KOHEYHA.

Ob6parHoe nepaencTBo. OyHKIMs U IPEICTABUMA,
B BH/JIE CyMMbI BBIYUCIUMOIO P/ U3 IPOCTHIX (DyHK-
nuit. Kaxkayio npocryio GyHKINIO MOXKHO HpejicTa-
BUTH B BUJE CYMMbI XapaKTEPUCTHICCKUX (DYHKIIUI
WHTEPBAJIOB C PAIMOHAJBHBIMU KO3(hdUIneHTaMu,
LO9TOMY U €CTh CyMMa (BbIYUCIUMOIO) PsiJla U3 Xa-
PaKTepUCTUIeCKUX (DYHKIWI HHTEPBAJIOB C PALUAO-
HajgbHbIME KOd(hdumumentamu. Ilycrs zp — KOpeHb
k-ro wmHTEpBana, a rpy — KOIMMUIMEHT Mpu COOT-
BETCTBYIONIEH XapPaKTEPUCTUIECKON (QyHKIUU. ITO
O3HAYAEeT, JPYIUMHU CJIOBAMH, UTO

u(w) = Z{rk | £, — HAaUaIO W}.

KonednocTh MaTeMaTHIeCKOrO OKUTAHUS U O3HAYTA-
€T, 4TO

Z rP(zr) < 00,

orkyna m(k) > rp P(z), tone m(k) — anpuopnas Be-
posdTHOCTH uncia k. [lpenmomoxum mjis HagaIa, 910
BCE T} PA3JIMYHbI (3TOrO JIErKO JOOUTHCsI, 3aMEHsI UX
Ha TIPO/TIOJIKEHVIST; BIIPOYEM, KAK MBI YBHINM, O€3 3TO-
IO [IPEJIIOJIOKEHHUs MOKHO U 0bofirucsy). [Tockoubky
dyukus k — I BBIYACIAMA, TO

m(zg) > m(k) > riP(zg),

nJjin ( )
m(xg

< —".

"k = Plag)

CU102KUB 9T HEPABEHCTBA I BCEX T, ABJIAOLIUXCS
HaYaJaM#u HEKOTOPOI IOC/Ie0BATEIbHOCTU W, HAXO-
AWM, 9TO

u(w) < Z{m(x)/P(a:) | # — Hawamgo w}.

(Bce HEPpaBEHCTBA IIOHUMAITCA C TOYHOCTbIO 1O KOH-
CTaHThI).

37ech WCMOIB30BAHO, YTO BCE X) PA3JIMIHBI (TAk
KaK B CymMMe€ B HpaBOﬁ JaCTH BBIPpAXKEHHE KazKI0€e
HAYaJI0O & BCTPEYaeTCs OJMH pa3, a B cymMme i u(w)
MOLVIO ObITb HECKOJIbKO Y4JIEHOB C OJHUM U T€M K€ Tf.
Eciu He Bce xp pa3audHbI, TO HOJSYIUTCS JIUIID

u(w) <> {m(k)/P(xx) | 2% — nauano w},

U Jajiee MOXKHO BOCIOJIb30BAaThCA TE€M, 9TO CyMMa,
m(k) o BceM k, J1Jist KOTOPBIX T) PABHO HEKOTOPOMY
caoBy , He Gosbme m(x) (MOCKOIbKY 00pa3 Mepsr m
[IPY BBIYHUCIEMOM OTOOparkeHuu He OOJIbIIe arpuop-
HOIl BEPOSITHOCTH).

B 310 Teopeme BMECTO CyMMbI MOXKHO HAIUCATH
TOYHYIO BEPXHIOIO I'DAHb:

Teopema
u(w) = sup{m(z)/P(x) | * — Hagamso w}

JokaszaTreqabcTBo. ZIcHO, 9TO IpaBas 4acTb CTAJIA,
TOJILKO MEHbIIIE, TAK YTO B MOAUMDUKAIMU HY 2K IAETCS
JIMIIH BTOpPasi 9acTh J0KA3aTE/IbCTBA.

Pacemorpum dysrimmn w;, qms koropeix u;(w) =
2t ecm u(w) > 2%, W HYJIO B TPOTHBHOM CJIydae.
Cymma BesmanH u;(w) MO BCEM ¢ OTIIHYAETCS OT U(w)
He Gosiee yeM B 1Ba pa3a pa3 (B 06e CropoHbl), eciu
u(w) HE caMmKOM MAJo (a MaJble 3HAYEHUS HE BazK-
Hbl, TAK KAK HE BJIUHAIOT HA KOHEYHOCTb UHTErPAJIA).

Kaxxnaa Gynxius u; ecrb 2°, yMHOKEHHOE HA Xa-
pakTepucTrIecKyo (QyHKIUO0 3PPEKTUBHO OTKPDI-
TOrO MHOZKECTBA, KOTOPOE €CTh CYETHOE 00'bEIMHEHNE
HEIepeceKaonmXxcs MHTepBasoB. TakuM obpaszoMm, u;
ecTh 2!, YMHOXKEHHYIO Ha PAJ U3 XapaKTepHCTHYe-
ckux (PYHKINH 3TUX HHTEPBAJIOB. B cymme mosy«ga-
ercs psaj i u (rodnee, Jis G6iaM3KONH K Hell DyHK-
UMK) U3 CyMM XapPaKTePUCTUYECKUX (DYHKIMIA HHTEeP-
BaJIOB C KO duImeHTamMu, B KOTOPOM BCE HEHYJ/IEBBIE
(B JaHHON TOUYKE) Y/IEHbI CYyTh Pa3JIMYHBIE CTENEHU
JBOWKH.

lasee BCE paccy K/ieHue IPOXOJAUT KaK PaHbIIe, HO
TOJIBKO HAJIO €MIE 3aMEeTHTh, YTO JJIs PIJIA U3 PA3IIHY-
HbIX CreieHell JBofKU (a Mbl 1103a00TUIUCH, 4TOObLL
oHu ObLIM PA3JNMYHBI) MAKCUMYM U CyMMa OTJIMYa-
foTca He OboJiee 4eM B JiBa pasa. Teopema JoKa3aHa.

CaencrBue. llocmenoBareibHOCTD w  CIIydaiiHA
TOrJIa ¥ TOJIbKO TOIJA, KOIJA JJisd €€ HadabHbIX
OTPE3KOB pasHOCTh logy P(x) — K P(z) orpanndena
CBEPXY.

(B camoMm jejie, TOJIBKO YTO JIOKA3aHHAS TEOpe-
Ma YTBEPXKJIAET, 9TO MAKCHUMyM 3TON Pa3HOCTU IO
BCEM HAYAJbHBIM OTpPE3KaM eCcThb MNpPeQUKCHBIN e-
dekr coyuaiinocru. )

Tem caMbIM MOJIy4YaeTCs JOKA3ATEIbCTBO TEOPEMbI
Jlesuna — [ITuoppa B Bapuanre ¢ npeduKCHONR CII0K-
HOCTBIO (UpU4éM, B OTAMYME OT ODBIYHOIO JI0KA3a-
TEJIbCTBA, MPEMUKCHA CIOKHOCTH BOZHUKAET 3/1ECHh
€CTeCTBEHHO, & He KaK HNOOOYHBINA NPOLYKT PacCyK-
JICHHUSI. )



5 Tecrbl 1 C/I02KHOCTHU

Jloka3aHHbIE TEOPEMbBI BHIPAKAIOT J1eEKT CIIyIaiNHO-
cru (3HaYEHUE YHUBEPCAJILHOIO TECTA) Yepe3 CJIOXK-
HOCTb, HO JIMIIb JIJIsI OBCKOHEYHBIX I10CJIE/[0OBATEILHO-
creit. Bo3HuKaeT ecTeCTBEHHBIN BOIIPOC: 9TO MOXKHO
CKa3aTh O KOHEYHBIX IIOCIEJ0BATEIbHOCTAX U HEJIb35
JId, CKaKeM, CBA3ATH CJIOKHOCTH KOHEYHOH [IOCJIE/10-
BaTEIHLHOCTU U J1eEKT CIIyIalHOCTH €€ IMPOJIOJIZKe-
HA?

Koe-aTo Ha 3Ty Temy ckazaTb MOXKHO. Kak momy-
4uTh (DYHKIMIO HA KOHEYHBIX [10CJI€/I0BATEIbHOCTAX,
HAYaB C YHUBEPCAJIbHOIO Tecra ciydaiinocru u (B
upedurcuom Bapuaunte)?

MozxkHO onpenenurb (PyHKIHUIO 4 Ha KOHEIHBIX 10~
CJIE/IOBATEIIFHOCTSX, MOJOXKNB #(z) PABHbIM MHHU-
MaJIbHOMY JiebeKTy BCeX MPOJIOJIZKEHU, TO eCTh

inf{u(w) | w — Geckoreanoe MpomOIKEHHE 2}

Kaxk MbI y2Ke roBopmiin, 3Ta (DyHKINS TTepedrcaInMa
cHu3y (IUIs mOC/IeZ0BATEILHOCTEH Hy/ell U enuHuI,
CM. BBIIIE) U TI03BOJIET BOCCTAHOBUTD U, TAK YTO €
MOYKHO PACCMATPUBATH KAK BAPUAHT IIPE/ICTABICHUS
byHKIIIN %, n30eralomux OECKOHEIHBIX MMOCTIEI0BA~
TEJIbHOCTEH.

Hpyroit crrocod momyduTb (PyHKIHUIO HA KOHEIHBIX
IIOCJIEIOBATEIbHOCTSIX — PAacCMOTPETh YCJIOBHOE Ma-
TeMaTH4ecKoe OxKujaHne MYHKIUH U Ha [POJOJIZKe-
Husx caosa z (uo mepe P).

JlpyruMu cioBaMu, MBI paccMaTpuBaeM (PyHKITAIO
U, nyia xoropoit U(z) paBro mHTerpaty byHKIuH U
1o Mepe P, orpaHuYeHHON Ha [IPOJI0JIZKEHUs CIIOBA. 2.
O1a GYHKIUS ABIAETCH MEPEIUCTUMON CHU3Y TOJIY-
Mepoil (4 mazke Mepoil, BOT TOJIbKO Mepa BCEro Ipo-
CIPAHCTBa HEe 00d43aTe/NbHO PABHA €AMHULE). 3aTeM
MbI nostaraem 4i(z) pasabiv oraomernuto U(z)/P(z).

Teopema

IN

0(z) < i(z) < ),

P(z)
rJe M — anpuopHas BEPOATHOCTD HA U30JMPOBAHHDBIX
CJ0Bax, a A — anpuopHas BEPOATHOCTb HA JEPEBE.

(Bce nepaseHCTBa IOHMMAIOTCA C TOYHOCTHIO IO
MYJIbTHILIIKATABHON KOHCTAHTHI. )

B camom gese, mepBast 4acTb caegyer u3 bopmy-
7B st u(w): IS BCEX w, TIPOJIONIZKAIONINX 2, B CyM-
My Bxomut ciaraemoe m(z)/P(z). Bo Bropom Hepa-
BEHCTBE MUHUMYM HE LPEBOCXOAUT MATEMATHIECKOIO
oxusanus. Hakounen, nocieanee HePABEHCTBO BbITe-
KaeT U3 CPABHEHHMS IEPETUCIMMOl CHU3Y MOJyMephI
T(z) ¢ MaKcHMaJIbHOI mosymMepoit A(z).

B norapudmuyeckoii nkaje 3TO HEPABEHCTBO 3a-
MIACHIBAET TaK:

—log P(z) — KP(x) <logu(z) <
<logi(z) < —log P(x) — KA(x)

Samerum emg, aro mepa T moxer 3aBucerb or P
(TOCKOJIBKY TIO CYIIECTBY DPACCMATPUBAETCH MAKCH-
MyM B KJIaCCe Mep, UMEIONUX [IJIOTHOCTh OTHOCUTEb-
HOo P). Ho sTa 3aBnCHMOCTH He MOXKET OBITH OCODEH-
HO CUJIbHOMN: IPUBEIEHHOE HEPABEHCTBO OKA3BIBAET,
4TO BO3MOYKHBIE KOJIEOAHUs OIPAHUYEHBI PA3HOCTHIO
mexay KP(x) u KA(x).

3ameuanwue. [IpaBeiii 3HAK HEPABEHCTBA HEJIb3s
3aMeHUTh Ha paBeHCTBO. PaccMorpum, ckazkeMm, paB-
HOMepHYI0 Mepy B Kadectse . CooTBeTcTBYIOIIas it
Besmauna T(2) CTPEMUTCS K HYJIIO, KOTJA 2 SBJISET-
Csl YIJIMHSTIONMMCS HAYaJIOM BBIYUCIMMON [MOCIE0-
BaTeIHLHOCTU ([OCKOJIBKY OEpETCs MHTErpaJl M0 MHO-
JKecTBaM, IepecedeHne KOTOPBIX COCTOUT M3 eIHH-
CTBEHHON TOYKH, & TOYKA MMeeT HYJIEeBYI0O Mepy OT-
Hocurenbao P). C mpyroii croporbr, A(z) ocraéres
OTJIEJIEHHON OT HyJIs JIJIsT TAKUX 2.

Bompoc: MoxKHO M cKa3arb YTO-HHOYAL IIPO
ocrajbuble 3HaKu HepasencTB? U 3asucur ju T or
BbIOOpaA P?

6 DBepuyniuesb
IOCJIE/I0BATEJIbHOCTH

MoKHO OlpesessaTh Cy4alfHOCTb HE TOJbKO OTHO-
CUTEJIbHO OJHON Mepbl, HO U OTHOCUTEJbHO CeMeli-
crBa Mep. Haubosiee ecrecTBeHHBIN MpUMeEp TaKOrO
pOa — CeMeHCTBO OEPHYJIINEBBIX MED, COOTBETCTBY-
IOIIUX HE3ABUCUMBIM OPOCAHUSIM MOHETBI, Y KOTOPOi
BEPOSITHOCTH BBINAJICHUS] SMHUILbI PABHA P, e P —
HEKOTOpOe nefcTBuTenbHoe unuciao B orpeske [0, 1].
(Bamerum, YTO PACCMATPUBAIOTCA BCE 3HAYEHUSA P,
He TOJIbKO Bbraucsmmbie.) HedopmasbHO roBopst, Ham
JAI0T TOC/IEI0BATEBHOCTh M TOBOPSAT, 9TO OHA IO-
JlydeHA B Pe3yJibTaTe HE3aBUCUMBIX OPOCAHUI MOHE-
Thl (BO3MOXKHO, HECUMMETPUYHOI); Mbl JIOJI2KHbI CKa-
3aTh, MBICJIIMO JIU 3TO.

Bynem rosoputh, uro mHOXKecTBO A C () saBjser-
cst 3 EKTUBHO HYJIEBBIM OTHOCHUTEIBHO CEMEHCTBA
GEpHYJIIIMEBBIX MED, €CJIHU CYHMIECTBYET AJIOPUTM, KO-
TOPBIHA O KAaXKJIOMY paluoHaIbHOMY € > 0 yKasbl-
BAET HOCJEI0BATEIbHOCTD HHTEPBAJIOB, KOTOPAs 110-
KpbIBaeT A W CymMMa Mep KOTODBIX IIPH JIIOOOM P He
MIPEBOCXOJIUT E.



Bompoc: ecan MbI oTKazkemMcs 0T TpeOoBaHus (-
bEeKTUBHOCTH, TO PABHOCUJILHO JIH 9TO TOMY, 9TO JIIO-
Oasi OepHy/IMEBA Mepa MHOXKecTBa A paBHA HyJIIO
i 310 6oJIee CUJIbHOE CBOMCTBOT

Kak n 1y11 omWHOYHONM BBIYUCIUMON MEpbI, MOK-
HO [IOKA3aTh, 9TO CYIIECTBYET MaKCUMaIbHOE 3P deK-
TUBHO HYJIEBOE MHOXKECTBO. st 3TOro J0CcTarodHo
yMeTb KOPPEKTUPOBATH CEMEHCTBA MHTEPBAJIOB TaK,
4TOOBI [OCIE KOPPEKIMU CyMMa MEep MHTEPBAJIOB OT-
HOCHUTEJILHO JII000# OepHY/IIneBOi Mephbl ObLIa ObI HE
0OJIbIIIe € W 9TOOBI KOPPEKINS HIIEro He MEeHsIa, eC-
JIi cymMMa Mep ObLaa MeHbIre €. [Ijis 9Toro, mojydns
O4YEpEeHON MHTEPBAJ, Mbl yOEKIAEMCs, 9TO CyMMa,
MEp MHTEPBAJIOB IPU JIIOOOM HAapAMerpe P MEHbIIEe
€ (3Ta cymma mpezcraBiager coOO MHOTOYJIEH OT P
C U3BECTHBIMHU PAIMOHAJIbHBIME KO3 hunmenTamu, u
€CJIU OH BCIO/Iy MEHBIIIE £, TO B 3TOM MOXKHO yOeaInuTh-
csl).

Temepb MOXKHO HA3BATD OEPHYAAUEBHLMU TE TTOCTIE
JIOBATEIbHOCTH, KOTOPBIE HE COAEPIKATCSI B MAKCH-
MasIbHO 3GMGMEKTUBHO HYJIEBOM MHOXKECTBE (OTHOCH-
TeJIbHO cemelicTBa GepuyJiuesbix Mep). Hedopmaiib-
HO FOBOP#, IIOCJIEIOBATEIbHOCTD W SABJISETCs OEPHYII-
JIMEBOM, €CJIM YTBEPXKJAEHUE O TOM, YTO OHA IOJIyde-
HA [IPU HE3ABUCUMBIX OpOCAHUAX (BO3MOXKHO, HECUM-
METPUYHOI) MOHETHI HE KarKeTCs HEeBEPOATHBIM. A
OHO Oy/IeT HEeBEPOSITHBIM, €CJIU MOYKHO CHOPMYIAPO-
BaThb HEKOTOPOE CBOHCTBO, KOTOPOE BbILIOJHAETCS JIJIst
w, HO ABJgeTCa dPOEKTUBHO HYJIEBBIM OTHOCHUTEIb-
HO KJIACCa OepHYJIIMEBBIX Mep (M II0TOMY [Ijis JI060ro
3HAYEHUsS MAPAMETPA P MMEET MEpPy HY/Ib W MOTOMY
HEBEPOSITHO).

Kak u ji1st 0HO# M€epbI, 3TO OLpPeIeeHrne MOXKHO
epeOpMyIMPOBATh B TEPMHUHAX TECTOB U J1e(eK-
TOB. A UMeHHO, OY/IeEM HA3BIBATH MEPEUUCTUMYIO CHE-
3y byHKIWIO t HA OECKOHEYHBIX IMOC/IEI0BATEIBLHO-
CTSX MECTMOM OEPHRYANUEBOCTIIY, €CIIN €€ NHTErPAJI 110
J11000i1 GepuysmeBoil mepe ne upesocxoxur 1. (Bme-
CTO EJMHUIIbI MOXKHO ObLIO Obl B3sATh JAPYLYIO KOH-
CTaHTY, HO BasKHO, YTO TA KOHCTAHTA HE 3ABUCHUT OT
napamerpa p.)

Hasiee nokaspiBaercs (Kak U PaHbLIe), 4T0 CyLle-
CIByer MAKCUMAJIbHBIA (C TOYHOCTHIO J0 MYJIbTHILIM-
KATUBHON KOHCTaHTbI) Tect Oepuysumesocru. Jloka-
3aTEJIbCTBO HUCIOJb3YET TOT (DAKT, YTO €CJAU WHTE-
rpaJl JaHHOW MpOCTON (YHKIMU MO JII000H OepHyJI-
JIMEBOW Mepe MeHbIe 1, TO B 9TOM MOXKHO yOeauThest
(LLOCKOJIbKY MHTErpaJl siBJISeTCs MHOIOWIEHOM OT 11a-
pamerpa p). JIorapudm 3nadenus 31oro MaKCuMalib-
HOTO TECTa HA3BIBAIOT dedekmom OepHYALUe80CTIU;
310T JedeKT OIpe/eséH C TOYHOCTHIO JO aJIINTUB-

HOM KOHCTAHTBI.

Kak u panbiie, 6epHYIINEBOCTh PABHOCUJIBHA, KO-
meunoctu gedekrta. B camom merre, MHOXKECTBO Tex
TOYEK, I/Ie YHHUBEpPCAJbHBIH TecT Oosbme N, 3¢-
dbekTuBHO OTKpBITO U uMeer mMepy He Gosbme 1/N
1pu JioboMm 3Hadenuu mapamerpa. C apyroit cropo-
HBI, €CJIM TPU KAaXKIOM £ €CTh MHOXKECTBO WHTEPBa-
JIOB MEDBbI MEHBINE £, U Xe — XaPAKTEPUCTUIECKA
dyHKIMA 3TOr0 MHOKECTBA UHTEPBAJIOB, TO (PYHKIUSA
> 2"y 4—n ByzmeT TecToM CirydafiHOCTH (C TOYHOCTBIO
JIO KOHCTAHTbL).

7 Kpurepuii 6epryIImeBoCTI

Teopema. IlocieroBaTeIbHOCTD W OEPHYIINEBA TO-
rla U TOJIBKO TOr/A, KOTJa OHa (pesTUBU30BAHHO)
cayuaiina (B cmbiciae Maprun-JIéda) uo 6epuysuine-
BO#l Mepe B 1pu HEKOTOPOM AeHCTBUTEILHOM P (10-
GaBJISEMBIM B KA9eCTBE OPAKYJa TPU ONPEIEIeHUN
caydaitnocru no Maprun-JIEdy).

HamomunMm, 9ro ompezenenne CaydaiHOCTH ITO
Maprun-JIédy mpeamosaraer, 9T0 Mepa BBIUHCIIN-
Ma. [ToaToMy OHO HE HPUIIOKHUMO HEITOCPEJACTBEHHO K
6epHy.IeBoil Mepe B, eciu napaMerp p He dBJjiger-
Csl BIYUCJIMMbIM JefCTBUTEbHBIM ducaoMm. Ho ompe-
nenenne Maprun-JIéda MOKHO peATHBHA30BATE, 10~
GaBUB B Ka4ueCcTBE OpaKyJa 4YuCIO p (Hampumep, B
dbopme ero gBouunoro passoxenus). Takoe pessiru-
BU30BAHHOE IIOHATHE CJIy4allHOCT OTHOCUTEIBHO B
YK€ UMeeT CMbICJI 1 UMEHHO OHO UCIIOJIb3YETCS B TEO-
peme.

Jloka3aTeJIbCTBO WCIOJb3yeT TOHATHE PAGHO-
MEPHOZ0 MECNE CAYYATHOCTMU OTHOCUTEIBHO CeMeii-
cTBa OEPHYJIIIMEBBIX MEP.

Takoit Tect mpencrasisier coboit (DYHKIHUIO IBYX
aprymenroB; HedOpMaIbHO 1oBOps, t(w,p) u3mepsi-
er KOJUYECTBO 3aKOHOMEPHOCTEH B IIOCJIEI0BATEIb-
HOCTH w € ) OTHOCHTEJBLHO Mepbl B, I JaHHOTO
p € [0,1]. MbI no-ipexkaemy Tpebyem, 4To0bl byHK-
st t ObLIa TePeYncaInMa CHU3Y, HO Temepb Ompee-
Jierue 60JIee CJI0KHOE, MOCKOJIbKY €CTh JIOMOJTHUTE b=
Hblil nmapamerp p. A MMeHHO, Mbl Tpebyem, 4To0bI ¢
ABJIAJIACH II0OTOYEYHONU BepXHEH I'DAHbIO BbIYUCJAUMONI
nocsiefoBaTesbHocTH dyHKIM t,. Kaxnas dyHk-
st t, 337aETCA CJIIOBOM Zy,, PAIMOHAJIHHBIM HHTEp-
BAIOM (U, V) U HEOTPUIATEJHHBIM PATUOHATIBHBIM
3HAYEHUEM Cp. Ilpum 3TOM t,(w,p) PaBHO ¢, ecu W
HAYUHAELTCH HA Zp,, & P MONAJAET B MHTEPBAI (Uy,, Up );
B OCTAJIbHBIX CIIydasX t,(w,p) = 0.

BoraucamMocTh MOHUMAETCsl KaK CyIeCTBOBAHUE
AJITOPUTMA, BBIYUCIISAIONIETO Cpy, Up, Upy 2, IO M. 3@~



METUM ellI¢, YTO B YUC/JIO WHTEPBAJIOB MONAIAIOT U
nosyuaTepBassl [0.v) u (u, 1] (OHH BO3HHKAIOT, ecin
OJlMH U3 KPaéB uHTEPBAJIA (U, V) BHIXOJUT 34 IIPE/IEIIbL
orpeska [0, 1]).

Ilomumo mepeducauMocTu CHH3Y, Tpebyercs, ITO-
b1 11pu s106om p € [0, 1] maremarnyeckoe OxKuIAHIE
(To ects maTerpa’ t(w,p) mo Mepe B)) He IPEBOCXO-
JIAJIO €IUHHUIIBL.

Jasee maH I0Ka3aTeIbCTBA TAKOIL:

(1) cpeiu Bcex paBHOMEDHbBIX TECTOB CJly4ailHOCTU
OTHOCHUTEJIbHO KJIACCA OEPHYJIIMEBBIX MED CYIIECTBY-
eT YHUBEPCAJIbHBII TeCT 4 (HAUOOIBIINIiT ¢ TOYHOCTHIO
JI0 MyJIbTUILIMKATUBHON KOHCTAHTBI);

(2) opu srom dysknus u'(w) = inf, u(w,p) cos-
HaJ@er C ONpeEe/EHHBIM BbIIIE YHUBEPCAJbHBIM Te-
cToM OEpHYJIHEBOCTH; OTCIONA BHIHO, 9TO OEPHYJI-
JIMEBOCTD W, TO €CTh KOHETHOCTH U (W), PABHOCHIIbHA
KOHEYHOCTH U (w, p) X0Ts Obl A1 omuoro p € [0.1];

(3) maxomen, upu zannom p dyskuua uy(w) =
u(w, p) coBOaZAET C YHUBEPCAILHBIM TECTOM CJIydaii-
HOCTH OTHOCHTEJIBHO MepPbI B), (peIsaTHBH30BAHHLIM
OTHOCHUTEJIbHO P) U MOTOMY KOHEYHOCTH u(w,p) paBs-
HOCUJIbHA (PeJIITUBU30BAHHON) CJlyd4aflHOCTH W 1O
mepe B,

YAMBUTENLHO, HO BCE 3TH yTBEP2K/ICHUA JOKA3bIBA-
foTcsa 6e3 OOBIIOro TPYAa U HOBBIX HIE.

(1) MbL MOxkeM LOPOXKIATH BCE IEPEYUCIIUMbBIE
cHn3y (QYyHKIHUH; UX HAJO0 KOPPEKTUPOBATH, YTOOBI
BCe MaTeMaTHYeCKHe OXKHMIAHWS ObLIM ObI HE 0OO0JIh-
1ie 2 u 9TOOBI TECTHI CJIYyIaffHOCTH IPY KOPPEKIINK HE
MeHsIUCh. B caMoM Jiesie, Ha KOHEYHOM 1are (KOoria,
dyHKIMS €CTh MAKCUMYM KOHEIHOI'O YUCIa (DYHKIUI
) MATEMATUYECKOE OXKUIAHUE MOXKHO BbIYMCJIUTD,
pa36us orpe3ok [0, 1] Ha KOHEYHOE IMCITO TPOMEKYT-
KOB, HA KaXKJOM IPOMEXKYTKE WHTErpaJj Oymaer MHO-
TOYJIEHOM OT P, U €CJIU TPH KaXKJIOM P 9TO MEHbIIE 2,
TO B 910M MOXKHO yb6enurbes). Tonbko ybeausuucy B
9TOM, MBI BBOJUM B yHnoTpebIeHne odepeanyo QyHK-
LUIo ty,.

Jlanee ckyIaIbIBaeM CKOPPEKTHPOBAHHBIE (DYHKITIH
¢ koadbdunuenTamu, CymMMa KOTOPbIX MeHbIne 1/2.

(2) Paccmorpum dynxnmio inf, u(w,p), rme v —
YHUBEPCAJIbHBII PABHOMEPHDIN TeCT CJLy4ailHOCTU OT-
HOCHUTEJIbHO cemeiicTBa OepHysineBbix Mep. Ham Ha-
JI0 7I0KA3aTh, 9TO OHA SBJISETCS YHUBEPCAJIBHBIM Te-
crom GepryueBoctu. urerpasn 3Toit GyHKIUA 1O
Joboit Mepe B, He 6osbllle €JUHUIDBI, TAK KaK 3Ta
dbyuxnua ne npesocxogur t,. IIposepum, uro ona e-
peuncauma cuu3y. /lJjist 3TOro Haj0 yCTaHOBHUTH, 9TO
IIPH JIIOOOM PAIMOHAIHLHOM 7" MHOYKECTBO OCTIEI0BA-

TeJIbHOCTEHN w, MIPU KOTOPBIX

inf u(w, p) > r,

P
3D EKTUBHO OTKPBITO (M €r0 MOXKHO 10J1y4aTh -
bexTuBHO 110 p). YKa3aHHOE yCJIOBUE MOXKHO LIE€DELIU-
caTh TaK: CyIIECTBYET TaKoe 1’ > 7, 4T0 IpH BCEX P
suauenue t(w, p) bosbiie 1. Yenosue u(w,p) > 1’ 3a-
JIaET OTKPBITOE MHOXKECTBO B Iipousseaenun ()X [0, 1],
U MBI MOXKEM MEPEYUCTIATH COCTABJIAIONINE €ro WH-
repBasibl (LPOU3BE/EHUS. KOHYCOB B {2 U UHTEPBAJIOB
B [0, 1]. Uurepecyromee HAC CBOHCTBO COCTOUT B TOM,
YTO HTO OTKPBITOE MHO2KECTBO IEJTUKOM COJIEPAKUT OT-
pe3ok {w} x [0,1]. B cuiry KoMIakTHOCTH 3TO 00CTOSI-
TEJIbCTBO BBISCHSETCS Ha KOHEYHOM Iare, U mMoTOMY
YKa3aHHOE CBOMCTBO MOCIEI0BATEIbHOCTH W TOXKE Oy-
JetT 3@PEeKTUBHO OTKPBHITHIM. KBaHTOP CyIecTBoBa-
nug 1o 1’ (06beauuenue no scem 1’ > 1) He Hapylaer
3P PEKTUBHON OTKPBHITOCTH.

Takum obpasom, dbyukims inf, u(w,p) Oymer Te-
CcTOM OEpHYJIJIMEBOCTH W TIOTOMY HE TPEBOCXOIUT
MAaKCHUMAaJIbHOrO Takoro recra. C Apyroéi cropoHsl,
J11060#1 TeCcT GEPHYIHEBOCTA MOXKHO PACCMATPUBATD
KaK PaBHOMEDHBII TeCT, He 3aBUCAIINAN OT P, TAK 9TO
BBITIOJTHEHO W 0OPATHOE HEPABEHCTBO.

(3) Ilycrb cHavasia p ABJIAETCA BBIYUCIUMBIM JI€ii-
crBuTesbHbIM uucioM. Torma dbynknug uy: w —
t(w,p) sABAsieTCs 1EPEYUCAUMON CHUBY (IJIsl BBIYUC-
JIAMOTO JAEHCTBUTEIbHOIO YUCIIA MOXKHO [EPEIUCTIATH
PAIMOHAIFHBIE MHTEPBAJIBI, €r0 COMEPIKAIINE, U TEM
CaMbIM MBI MOXKEM MpEICTABUTH U, B BUJAE TOU-
HOI BepxHel I'PaHu BbIYUCJIUMOU I110CJI€10BATEIbHO-
cru upocrbix byukuuii). Iosromy u, aBigercsa re-
croM ciaydaitnocru 1o mepe B). Takum obpasom, 1o-
CJIIOBATENILHOCTD, IjIg KOTOpO# u(w,p) = 00, HE
ciy4daiina o mMepe Bp,.

D10 Ke pacCyXkK/IeHNe MOXKHO MPOBECTH U C OPAKY-
JgoM. B3sgB B KadecrBe opakysia JBOUIHOE PA3JIOKE-
HEE p, yOexkmaemcs, 9To ecmu u(w,p) = 00, TO w He
caydaiina (B p-pesiaTUBU30BAHHOM CMBIC/IE) OTHOCH-
TeJIbHO Mepbl B,

Heckombko ciioyKHEE TPOBEPUTH OOPATHOE YTBEP-
xaenne. Hato mokaszarb, 9410 ecjid t — Hepeduciiv-
MbII CHU3Y OTHOCUTEJbHO P TeCT CAy4alHOCTU 11O
mepe B, u t(w) = 00, TO MOXKHO IIOCTPOUTH DPAB-
HOMepHbIiT nedekr caydaiinocru ¢ (mepeducmmbii
cHU3Y yKe 0e30 BCIKOIO OpaKysa), JJisi KOTOPOro
t'(w,p) = 0.

st Hagasa paccMOTPUM CIIydail, KOJIa P BbIYUC-
MO 1 noromy ¢ nepeuucium cuuzy. Oyukuuio ¢ (k
KOTOPOii 00aBjieH (GDUKTUBHBI HapaMeTp p) HeJIb3si
paccMarpuBaTh KakK PABHOMEDHBIN TECT, MOCKOJIbKY



eé MaTeMaTHIecKoe OXKUmaHue 1o Mepe B, (mpu ¢ #
p) MOXKeT ObITh HPOU3BOJIbHbIM. HO €8 MOXKHO Mbl-
TATbCHA HEPEJIENIaTh B 1, KOTOpas y2Ke HO-HACTOAIIEMY
3aBUCHT OT P. A UMEHHO, nepevuciss CHu3y npudu-
JKEeHUsl K ¢, Mbl CMOTPUM, IIPH KAKHUX ¢ MPOUCXOJAT
HapYIIeHUsl YCJIOBHUS Ha MaTEMATUIECKOe OXKUIaHNe,
7 s 9TUX “TIoXuX’ ¢ yBEIUYIEHUsS HE MPOM3BOIUM
(1106aBIIsist OrpaHUYMBAIOLIMI UHTEPBAJL B IEPEUUCIIe-
uue cansy misa Gynkmuu t'). [pu 310M OneHKH MOXK-
HO BBIUIOJIHATL C MOPEIIHOCTHIO, JOCTATOYHO, 4TO0
uHTerpast or t'(w,q) mo Mepe B, HE IPEBOCXOLUI
(ckazkeMm) 2, U 9TOOBI JJisi T€X ¢, IPU KOTOPHIX HH-
TerpaJi or t ObIJI M3HAYAIBHO HE OOJIbINe 1, HIUIero He
MEHSLJI0Ch.

Tenepb nepeiiéM K Ciydar HEBLIYUCIAMOIO P.
B srom cnyuae p 3aBemomo He Oyaer ABOUYIHO-
PALMOHAIBHBIM, M IIOTOMY MOXKHO IOJIy4aTh OMUTbHI
€ro pa3JIOXKEHUs, yMesi HAXOIUTh CKOJIb YPOIHO TOY-
Hble TpuOIMKeHus K p. [1oaTOMy OpakyJbHYIO Ma-
LIMHY, IIEPEYUCIIONLY 0 CHU3y ¢, ecin el 1arh opa-
KYJI JI1sL P, MO2KHO II€PEJIEIATD B [IEPEUUCTIEHUE CHU3Y
nekoropoit dynxiuu #(w, q), Koropas copuajaer ¢ t
npu ¢ = p. Idra GyHKIUA He 00sg3aHA ObITH TECTOM
caydaiinoctu (KpoMme Kak IIpu ¢ = p), HO €€ MOXK-
HO TO/IBEPrHYTh KOPPEKIUU. 3aMETUM, UTO TPU ITOH
KOPPEKIMK Mbl HE 3HAEM P, HO U HE UCIIOJIb3YEeM €ro —
MbI CJI€IUM, YTOOBI KOPPEKIUsI BJIMSLIA, JIULIb HA TE ¢,
P KOTOPBIX UHTErpas 6osbine 1, u 310 rapanTupy-
eT HeBMEeIaTeIhCcTBO mpu ¢ = p. OTHOBPEMEHHO MBI
obecreunBaeM MpeBblllieHne uHTerpasa (npu Jobom
g) He GoJjiee yeMm B aBa pa3a.

[Bompoc. MoKHO Jiit OnpeienTh GepHYJILIHEBBI T10-
CJIEJIOBATEJILHOCTH TaK: OEPEM IOCJIEJI0BATEIbHOCTD
HE3aBUCUMbBIX PABHOMEDPHO PACIPEIEIEHHBIX CJTydali-
HbIX gucen B [0,1] u HeKoropoe 4ncio p (He 00si3a-
TEJIbHO BBIYMCJIMMOE); 1AJIEe 3AMEHIEeM YHCJIa, MEHb-
IIHe ¢, Ha IUHAUIbI, & OCTAJbHBIE HA HYJIN.|

8 PaBHOMepHBIE TeCTbI
CJLy4aiHOCTHU

W nest paBHOMEPHOrO TECTA CIAIYy4afiHOCTH, IPUMEHEH-
Hasl BbIIIE K KJIACCy OEPHYJLIMEBBIX MED, MOXKET ObITh
MPUMEHEHA U K KJIACCYy BCEX MEpP Ha IMPOCTpaHCTBe ().
B 3tom ciiydae B KauecTBe TECTOB CIIyYallHOCTH HAJIO
paccmarpuBarh byukmmu t(w, P) ¢ nByms aprymes-
TAMU: [IEPBbIA SABJISETCS MOCJIE0BATEIbHOCTHIO U3 W,
a Bropoii — mepoit Ha ). (Bnauenus Gynkuuit neor-
PHILATEIbHBIL, 10IyCKaeTcs u +00.) IIpu 91oM orpanu-
JeHne HA MATEMATHYECKOE OXKWIAHUE SCHO: MBI TPe-

Oyem, aT00ObI mpu J000M P wmHTErpas or QpyHKIun
w +— t(w, P) mo mepe P ne npesocxoqui 1. Ocranock
OIIPEJICJIATD IEPEUUCITUMOCTD CHU3Y.

Bynem HaspBaTh UHMEPEGAOM B TPOCTPAHCTBE
MEp MHOXKECTBO Mep, KOTOpOe 33Jaércsi HAbOpOM
ycaoBuil Buga 1 < P(u) < rg, rae u — HEKOTOPOe
JIBOMYHOE CJIOBO, & 7T1,T2 — PAIUMOHAJbHbIE YUCJIA.
IIpocmoti pynryueti naspBaerca bynkuus t(w, P),
KOTOpasd paBHa HEKOTOPOU pallMOHAJBbHONW KOHCTAHTE,
KOT/Ia W HAYMHAETCS Ha, TAHHOE CJIOBO, a P nmpuHae-
JKAT JAHHOMY WHTEPBAJLY B IPOCTPAHCTBE MED, U PAB-
Ha HYJ/II0 B IPOTUBHOM ciaydae. Takue dpyHKIIUN mMe-
0T ecrecTBEeHHYIO HyMepanuio. Ilepevucaumoti cru-
3y byHKIHEH HA3BIBAEM TOYHYIO BEPXHIOI I'PAHD BbI-
YUCIUMOM MTOC/IeI0BATEIBHOCTH MPOCTHIX (DY HKITHH.

Kak 06brvHO, Cpean BCEBO3MOXKHBIX TECTOB CJIy-
YalHOCTU CYLIECTBYET MAKCUMAJIbHBIA C TOYHOCTLIO
JI0 KOHCTaHTBI. B camom eisie, OOBIYHOE ITOCTpPOe-
Hue TpedyeT yMeHHs KOPPEKTHPOBATH MepPevnCIH-
My[0 cHu3Y (YHKIMIO, YTOObI OHA CTAHOBUJIACH Te-
crom (LOYTH TECTOM) M HE MEHSJIACh, €CJIU y2Ke Obl-
Jsa recroM. Jlyisi MakcuMyMa KOHEYHOI'O YHCJIA [IPO-
cTbIX (BYHKIHN 3TO 0OCTOATEIHCTBO MOYKHO ITPOBE-
purh (MHTErpaJj fABJSETCs JIMHENRHON dyHKImed oT
Mep KOHEYHOT'O YHCJIa CJIOB Ha y9acTKaX, 3aJaBaeMbIX
nabopaMu JIMHEHHbIX HEPABEHCTB, U COOTBETCIBYIO-
LIMe 1IPOBEPKU JIEIKO BBILIOJIHUTD).

Makcumasibhblii Tect ciydaiinocru u(w, P) MOXKHO
3aT€M HCIOIb30BATD [IJIST OMPEIEICHNUS CIIy IaifHOCTH
1O 1IPOU3BOJILHON Mepe (He 00s3aTesIbHO BbIYUCJIU-
MOi1), 00'bsBUB OCIIEA0BATEIIbHOCTD W CJLy YAHHOI 110
mepe P, ecim u(w, P) < oo.

Bo 4ro npesparaercs 3r0 OnpeieaeHne, ecjan Me-
pa Bbruuciauma? s BbramcauMoil mepbl P pyHK-
st w — u(w, P) gBasgerca nepedmcauMoil CHU3Y,
MTOCKOJIBKY MOYKHO MEPEUIUCIIATh BCE HHTEPBAJIBI, CO-
nepzxarue mepy P. Ilostomy sta dyHKINS aBseTcs
TECTOM CJlydaiiHOCTU (B CTApOM CMbICJIE CJIOBA) OTHO-
cureapro mepol P. Ilosromy ecimm w(w, P) = oo, TO
w ue cay4aitna no Maprun-JIédy oranocurenbuo me-
pbr P.

Ilokaxkem, aro BepHo m obparmoe. Ilycrs mmeer-
Csl HEKOTOpasl IepeduciuMas cHudy (QyHKius ¢ Ha
w, SBJISMIONIASCA TECTOM CJLyYalfHOCTH OTHOCUTEIBHO
meper P. @yrkmus t(w, Q) = t(w) me OymeT paBHO-
MEpPHBIM TECTOM CJIyIaifHOCTH, MOCKOJbKY €€ WHTe-
rpajt pu ) # P moxer 6biTb 1pousBoJibabiM. Og1-
HAKO €8 MOXKHO KOPPEKTHPOBarh. B camom jene, s
KOHEYHOI'O YHCJIA CJIOB, MOSBUBLIMXCH B HPUOJIHAZKE-
HUU CHU3Y K GyHKIWY GYHKIWH ¢, HHTErPAJI 10 MEpe
P ompejensieTcss KOHEYHBIM IUCJIOM 3HAUEHUN MEpBI



Ha, CJI0BaX. YCJIOBHE “HHTerpaJi He 0oJbIe 17 3amaér
B COOTBETCTBYIOIIEM KOHEYHOMEDPHOM ITPOCTPAHCTBE
HEKOTOPbI MHOIOI'PDAHHUK, KOTOPbBI MOXKHO IIpuU-
06M3UTH OObEIUHEHNEM HHTEPBAJIOB B IIPOCTPAHCTBE
Mep. Bass mpubmmkerne q0CTaTO9IHO TOIHBIM, MbI HE
u3MeHnM (YHKIWIO TaM, TJe WHTETPAJI ObLI MEHbIIe
€IMHUIIBI, HO JT00BEMCsI, ITOOBI OH BE3/€ HE IIPEBOC-
XOIHIT 2.

CuteioBarenbio, u3 Hecaydaiinocru mo Maprun-
JIédy orHocuTesnbHO P ciieyeT Hec/ly9aifHOCTb B HO-
BOM CMBICJIE.

AnasorugHoe yTBEPKIEHUE BEPHO U B CIydae, KO-
rJla ec/id Mepa BbIYUC/IUMa OTHOCUTEJIbHO HEKOTOPO-
ro opakymra A u cam Opakyl A MOKHO BOCCTaHO-
BUTH, yMes BbIYUCIATh 3HAYEHUA MepbI C IPOU3BOJIb-
HOM TOYHOCTBIO. B 3TOM ciydae ompeneseHume Ciy-
YalHOCTU C IIOMOIIbIO PABHOMEDHbLIX TECTOB COBIla-
maer ¢ oupexnenenveMm Maprun-JIéda, pensgrusuzo-
BaHHbIM OoTHOCHTEbHO A. B camowm zeste, eciu ¢ siB-
JIIeTCs paBHOMEPHBIM TECTOM ciaydaitHoctu, a P —
BBIUKC/IMMas OTHOCHTENbHO A Mepa, TO (QyHKIHs
w — t(w, P) aBisieTcs mepeIncanMoil CHU3y OTHOCH-
TesibHO A U 1ipejcrapiser coboil (pesis TuBU30BAHHbII
OTHOCHTEJIbHO A) Tecr CJydailHOCTH OTHOCUTEJLHO
Mepbl P.

C mpyroii CTOPOHBI, CJIM MMEETCH MePEeInCIUMbIT
CHM3y OTHOCHTEJbHO A rtecr orHocurenbHo P, to
MO2KHO IOCTPOUTH IE€PEYUCTUMYIO CHU3Y (DyHKIUIO
JIBYX apr'yMEHTOB, KOTOPAs COBIAIAET C ITUM TECTOM,
€CJI BTOPO#i apryMeHT moJi0xkuTh paBubiM P. (31ech
UCIOJIB3yeTcs TOT BaKT, ITO MHOKECTBO A MOXKHO
BOCCTAHOBUTbH, YM€s BbIYUC/IATH 3HAYEHUs MePbL P ¢
LPOU3BOJILHOM TOYHOCTBIO.) Dra pyHKuus He Oyuer
TECTOM, TaK KAaK YCJOBUE HA HMHTErPAJ BBIIOJHEHO,
JINTITH €CJIA BTOPOI aprymenT paeH P. Ho e€ MOxkHO
CIeNaTh TECTOM, TOJIBEPTHYB KOPPEKINH, MOCe KO-
TOpOii MHTErpaJI IpHu 000 Mepe He MPEeBOCXOINT 2,
Y 3HAYEHHUS OCTAJIUCH [IPE2KHUMHE B TOM CJLy4ae, KOrJa
MHTErpaj u Tak ObL1 HE OosibIe 1.

Jloka3aHHbBII pe3yabTaT JeaaeT emE Oojiee yanBu-
TeJIbHON CJIeYIONLYI0 TeopeMy (KOTOpas eCTh B 3a-
merkax [aua): cyuiecryer Mepa, OTHOCUTENBHO KOTO-
Ppoit Ti00ast IoC/IeI0BATEILHOCTD CiTydaiina. Benp mis
J1I060# BBIMHUCTUMOM MEPBI CYIIECTBYET HE CJTydaiiHast
OTHOCHUTEJIBHO 3TOil MEpbI MOC/IEI0BATENILHOCTD (BbI-
OmpaeM 09epeTHON UJIeH TaK, ITOOBI BEPOATHOCTD MH-
TepBaJla YMEHbUIWJIACh 110 Kpalineidl mepe B 110JITOPA
pasa; 110J1y4aeM BbIYUCIUMYIO 1I0CJIE/10BATE/IbHOCTD,
KOTODAsl UMEET MEPY Hyilb). DTO K€ BEPHO U C JIIO-
ObiM opakysiom. 1losToMmy mMepa, OTHOCUTEIBHO KOTO-
poit srrobast MOCIeI0BATEIbHOCTD CIyYaiiHa, He IKBHU-

BaJIEHTHA HIKAKOMY OpaKyiy (He CyIIeCTBYeT OPaKy-
J1a, OTHOCUTEJIbHO KOTOPOr'O OHA, BBLIUUCIUMA U KOTO-
PBLiT MOZKET ObITH BOCCTAHOBJIEH 110 IIPUOJIHZKEHUAM K
mepe).

MoO2KHO J1M CYHTATH ITO OLPEJEJICHUE CJLydaiiHo-
CTH OTHOCHTEJIBHO ITPOU3BOJILHON Mepbl WHTYHTHB-
HO yznoBiierBopuTesnbHbIM? HezocTaTok: mycrs mocite-
JIOBATEJIBHOCTD CJIy4ailHa OTHOCHUTEIbHO Mepbl P u
HAYUHAETCA HA Hy/b. VI3MeHMM 3HAa4YeHHs Mepbl HA
LOC/IEJ0BATEBHOCTAX, HAYUHAIOMUXCS HA €JHHHILY
(nnm nazke Ha HECKOJIBKO eMHHMI moapsiz). IIpu sTom
OIIpe/ieJIeHNe CIIy9IailHOCTH MOXKeT H3MEHHTLCS, eC-
JIE Telepb Mepa sIBJISeTCs 60Jiee CHIBHBIM OPAKYJIOM
(103BOJISEET BBIYUCIATD YTO-TO, YTO PAHbIIE HE Obl-
710 Berauc/iuMbIM). ITo aHaIoruaHbIM IpUYrHAM CILIy-
9aiffHOCTH 1O Mepe, KOTODAasi MOJIy<IaeTCs U3 PAaBHO-
MepHOii J0OaB/IeHneM Iero-HUOY/Ib O<eHb MAJIOro, HO
IJTOXO BBIYMCIMMOrO, OTJIMYALTCS OT CIIYYaifHOCTH 1O
pasroMepHOit Mepe. (10 KazkeTcs IPOTHBOPEYAILTM
HALel MHTYULMY. )

[Uro MOKHO CKa3aTb O TAKOM BAPUAHTE OLpEJieie-
Hist: OepéM IIOCTIeJ0BATEILHOCTD HE3ABHCUMBIX CIIY-
qajiabix guces B [0, 1] (B cmbiciae Maprun-JIéda) u
3aT€M CPABHUBAEM OYEPE/IHOE YUCIIO C TPEOyeMOii Me-
POIl yCJIOBHOMN BEPOATHOCTHIO LOMABJIEHUS €MHULbLY |



